We report calculations of collision strengths and effective collision strengths for 26 allowed transitions among the n ≤ 5 degenerate levels of atomic hydrogen for which the close-coupling (CC) and Born approximations have been used. Results are listed over a wide range of energies (up to 50 Ryd) and temperatures (up to 10 7 K), sufficient for applications over a variety of plasmas, including fusion. Similar results have also been calculated for deuterium, but they negligibly differ with those of hydrogen.
Introduction
Hydrogen is the most abundant element in the universe and therefore, atomic data for its emission lines are very important for various studies of astrophysical plasmas. This element is equally important for fusion, because it is the main fuel for burning in a reactor, and therefore the importance of its data has further increased with the developing ITER project. Energies for its levels and radiative rates (A-values) for its transitions are fairly well known -see for example, the compilations by Kramida [1] and Wiese and Fuhr [2] , and the NIST (National Institute of Standards and Technology) website at http://www.nist.gov/pml/data/asd.cfm. However, the corresponding information about the collisional data for electron impact excitation lacks completeness. Most of the data, experimental or theoretical, are limited in the range of energy or the number of transitions, as summarised by Anderson et al. [3] and Benda and Houfek [4] , and further discussed below.
The first major study of collisional data for H was performed by us (Aggarwal et al. [5] ), which included states with n ≤ 5. The calculations were based on the close-coupling R-matrix method and reported results for both collision strengths (Ω) and effective collision strengths (Υ), obtained after integrating the Ω data over a Maxwellian distribution of electron velocities -see a review by Henry [6] for the general background about electron atom/ion collisions. A notable deficiency of this work was that higher ionisation channels, at energies above thresholds, were not considered, and this leads to the overestimation of results, for some transitions. Therefore, Anderson et al. [3] included pseudostates in the expansion of wavefunctions in the Rmatrix framework, and this allowed for the loss of electron flux into the continuum. They did not specifically list the Ω data but reported results for Υ for most (not all) transitions among the n ≤ 5 states of H. Unfortunately, questions were soon raised about the accuracy of their work, particularly at higher temperatures. Therefore, they subsequently corrected their results in a later paper [7] . Nevertheless, doubts remain about the accuracy and reliability of their data, as discussed by Lavrov and Pipa [8] and Wünderlich et al. [9] .
Recently, Benda and Houfek [4] have performed yet another calculation by employing a different approach, based on direct solution of the Schrödinger equation in the B-spline basis. They also made some improvements over the earlier results and concluded an overall good agreement with the Ω data of Aggarwal et al. [5] , although differences for a few transitions, particularly those from the ground 1s to higher excited states, are up to 12%. Although they presented their results for Ω only graphically, corresponding numerical data can be easily obtained, in a very fine energy mesh, from their website http://utf.mff.cuni.cz/data/hex. However, they did not report the corresponding data for Υ, which are required for the modelling or diagnostics of the plasmas, and neither can these be calculated from their numerical data (except at very low temperatures), because of the limited energy range, below 1 Ryd. Therefore, practically the only reliable Υ data available for a larger number of transitions are those of Aggarwal et al. Irrespective of the (in)accuracy of these (or other available) data, a major deficiency in the literature is that results for fine structure transitions, which are allowed among the degenerate levels of states, such as 3p
are not yet available. This is because the degeneracy among these levels is practically zero and theoretically (very) very small -see for example, the NIST website or present Table 1 . For this reason, such transitions are often referred to as 'elastic' and the calculations of Ω for these are not only (very) sensitive to their energy differences (∆ ), but are also very slow to converge -see for example, figure 2 of Hamada et al.
[10] for a hydrogenic system Fe XXVI, in which (depending on the energy) more than 10 7 partial waves were required to obtain the converged results. For the same reason, some of the fast atomic scattering codes, such as FAC (the flexible atomic code of Gu [11] and available at the website https://www-amdis.iaea.org/FAC/), cannot be confidently employed for such transitions, because discrepancies with the more accurate calculations can sometimes be large, as shown in figure 3 of Hamada et al. We will elaborate on this more later in Section 5.
The importance of Υ data for allowed fine structure transitions among degenerate levels has recently been reemphasised and demonstrated by Lawson et al. [12] with respect to He II, a hydrogenic ion and important for studying the fusion plasma. Since a code based on close-coupling method has already been developed by Igarashi et al. [13, 14] for calculating such data for hydrogenic ions, and experience has been gained (Hamada et al. [10] and Aggarwal et al.
[15]), we perform similar calculations for atomic hydrogen by suitably modifying the underlying theory. In addition, we perform calculations for deuterium (D) because it is also a part of the fusion fuel.
Theory
For our calculations of Ω and Υ we use two methods described below.
Close-coupling method
For calculating the electron-impact excitation among the fine-structure levels of hydrogen atom, we assume the contribution of the electron-exchange effect to be insignificant and hence neglect it. Furthermore, the validity of neglecting the exchange effect has been discussed for the optically allowed transitions of hydrogenlike targets in our earlier work [14] . Similarly, in the close coupling expansion we only employ the physical states with the same principal quantum number n, as in Igarashi et al. [13] . We also treat the scattering electron as a spin-less particle. The total Hamiltonian of the system is defined as
where r and x are the position vectors of the scattering and the bound electron with respect to the nucleus, respectively, h is the Hamiltonian of hydrogen atom, and s denotes the spin coordinates of the bound electron.
The atomic wave function of the fine-structure level may be approximated by
where R nλ is the non-relativistic radial function for the principal quantum number n and the orbital angular momentum λ. The angular function is written by
which is an eigen function of the angular momentum j (half integer) of the bound electron, its z-component m j , and the orbital angular momentum λ. The symbol < l 1 l 2 m 1 m 2 |l 3 m 3 > is the Clebsch-Gordan coefficient.
The notations α and β represent two-component spinors for spin up and down, respectively. An atomic basis is constructed by coupling the target wave function φ nλjmj with the angular function of the scattered electron
which is the eigen function of the total angular momentum J (half integer), its z-component M J , and the parity Π = (−1) λ+l . Using the atomic basis set {ψ µ } ≡ {ψ
nµλµjµlµ }, the scattering wave function for the symmetry {JM J Π} is expanded as
From the Schrödinger equation (H − E)Ψ JM J Π = 0, we have a set of coupled equations for the radial function
with
where E is the total energy of the system and µ is the atomic energy for ψ µ . The coupled equations are solved under the boundary conditions
where K JΠ µν is the element of the K-matrix K JΠ for the symmetry J and Π.
The transition matrix is given in terms of the K-matrix by
The partial-wave cross section and the total cross section for transition from atomic state nλj to n λ j are given by
and
respectively. The collision strength (a dimensionless parameter) for transition between nλj and n λ j is related to the cross section by
Born approximation
In the Born approximation, the scattering amplitude for the transition nλjm j =i m j → nλ j m j =i m j is written as
where q = k − k is the momentum transfer. The differential cross section is given by
with M ii (q) = (2j + 1)
The integrated cross section is given by
with q min = |k − k | and q max = k + k . For the dipole allowed transitions, the integral over q in (15) is determined mostly by small q, and σ ii may be evaluated by the Bethe-Born approximation
with suitableq max value and D ii = (2j + 1)
The Born cross section σ ii in (15) can also be evaluated by the partial-wave expansion as σ ii = σ J ii , and the partial-wave cross section is written as
where j l (kr) is the spherical Bessel function.
The integral of the typẽ
appears for the optically allowed transitions, namely |λ − λ | = 1 and |j − j | ≤ 1. When k 1 k 2 , the integrand is of quite a long-range and its values are important up to very large l. Furthermore, the calculation forĨ l k1k2
becomes numerically unstable for large l, but it can be well approximated (Alder et al. [16, 17] ) as
using modified Bessel functions. Therefore,Ĩ l k1k2 behaves as
due to the property of the modified Bessel functions.
2.3
The choice ofq max for Bethe-Born approximation Figure 1 shows the values of M ii (q)/D ii in (15) of (a) np 1/2 → ns 1/2 and (b) ns 1/2 → np 3/2 transitions as functions of n 2 q (n = 2 ∼ 5). The value of M ii (q) approaches that of D ii for small q. The scaled curves for n = 2 ∼ 5 are in good accordance. They begin to decrease around n 2 q ∼ 0.1 and are almost zero for n 2 q > 1.
Similar behaviours are seen for the other transitions. Therefore, we have set the value ofq max in (16) as
with q 1 = 0.1/n 2 and q 2 = 1/n 2 .
Energy levels
As stated in Section 1, the energy differences between the fine-structure levels within (any) n are very small for H and D. It is an important parameter for the optically allowed nlj-nl j transitions. Energies for the levels of H and D have been taken from the NIST website https://physics.nist.gov/PhysRefData/HDEL/difftransfreq.html.
These are also listed in Table 1a for a ready reference, where the energy of an nlj is presented as difference from the np 1/2 level, which is the lowest within an n manifold. Though the binding energy of D(nlj) is slightly larger than that of H(nlj), due to the isotope shift, the energies listed in Table 1a for H are quite similar to those of D, and are specifically listed in Table 1b , in increasing order. This table also provides level indices for future references. It may be noted that the energy differences between nlj and nl j levels are also similar, and approximately scale as 1/n 3 for both H and D.
Partial cross sections and collision strengths
As examples, we show in Figures 2-5 the variation of Jσ J with J for two excitation transitions within n = 2 (i → i = 2p 1/2 → 2s 1/2 and 2s 1/2 → 2p 3/2 ), 3 (3s 1/2 → 3p 3/2 and 3d 3/2 → 3p 3/2 ), 4 (4f 5/2 → 4d 5/2 and 4d 5/2 → 4f 7/2 ), and 5 (5d 5/2 → 5f 7/2 and 5g 7/2 → 5f 7/2 ), respectively, and at four incident energies of In Table 2 we list our results for Ω for all 26 allowed fine structure transitions among the degenerate levels for n = 2 ∼ 5 of H (given in Table 1b ) in an energy range below 50 Ryd. Additionally, in Figure 6 we show the variation of Ω with energy for the optically allowed transitions within the n = 4 manifold, as examples. The differences in the results obtained in the CC+Born and Born approximations gradually decrease with increasing energies, and almost disappear above ∼10 Ryd. A similar trend has been observed for other transitions as well. Finally, the Bethe-Born calculations in equation (16), for both σ and Ω, estimated by the three parameters D ii , q min and q max , reproduce well the corresponding results in the Born approximation.
Our Ω results, in both the CC+Born and Born approximations, for D are also included in Figure 6 .
However, these are very close to the corresponding results for H, and hence the differences between the two are negligible.
Effective collision strengths
The values of Ω listed in Table 2 are averaged over the Maxwellian distribution of electron velocities to obtain the effective collision strengths Υ as follows:
where k is Boltzmann constant, T e is the electron temperature in K, and E i is the electron energy with respect to the final (excited) state/level. This value of Υ is related to the excitation q(i, i ) and de-excitation q(i , i) rates as follows: 
where ω i and ω i are the statistical weights of the initial (i) and final (i ) states, respectively, and ∆ = E i −E i is the excitation energy. We have used the Ω(E i ) values in the CC+Born approximation for E i ≤ 20 Ryd in equation (22), but in Born (equation (15)) alone above it, and up to an energy of 1000 Ryd. Results for these rates are required in the modeling and diagnostics of plasmas. The calculated values of Υ are listed in Table 3 for all 26 transitions and at a wide temperature range, up to 10 7 K, suitable for applications in a variety of plasmas, including fusion. Furthermore, the variation of Υ with T e is rather smooth, as between 10 3 and 10 7 K it varies by a maximum factor of 2.2 for a few transitions, and much less for most. Therefore, values of Υ at any desired T e within this range can be easily interpolated without any loss of accuracy.
In the absence of any other similar results in the literature, either for Ω or Υ, it is difficult to assess the accuracy of our calculated data, particularly when the calculations are very sensitive to ∆ , as noted in Section 1. In the past, for several ions we have performed calculations with FAC to make some estimation of the accuracy of data -see for example, Hamada et al. [10] Tables 2 and 3 can be reliably applied for both H and D.
Conclusions
In this paper we have presented results for 26 transitions of H which are allowed within the degenerate levels of states with n ≤ 5. Results have been listed for both Ω and Υ over a wide energy/temperature range, and will not only be helpful for the modelling of plasmas, but also for future comparisons, because no such data presently exist in the literature. The listed results also complement our earlier data (Aggarwal et al. [5] ) and are required for considering a complete plasma model for fusion studies. Additionally, parallel calculations have also been performed for D, but the results are insignificantly different from those for H. This is an important conclusion for future studies.
[14] Igarashi, A.; Ohsaki, A.; Nakazaki. S. Electron-exchange effect in electron-impact excitation of the n = 2 fine-structure levels of hydrogenic ions. 
